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NUMERICAL STUDY ON RANDOM WAVES AND
WAVE-INDUCED LONG-SHORE CURRENTS
AT LEADBETTER BEACH
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ABSTRACT
Shallow coastal zone is extremely dynamic region, where
the hydrodynamics are complicated as evident in the refraction,
diffraction, shoaling and breaking of water waves, as well as
the presence of wave-induced near-shore currents. In this
paper, the distribution of waves and wave-induced long-shore
currents formed by the breaking of obliquely incident random
waves at Leadbetter Beach, Santa Barbara, USA are numerically studied. In the present numerical models, the random
water waves are simulated based on the parabolic mild slope
equation, and so the wave radiation stresses exerted on waveinduced currents are calculated based on variables in the
parabolic mild slope equation, and the wave-induced longshore currents are simulated based on these. The numerical
results have also been validated by field data and show good
agreement with field data. In the process of numerical modeling, it is found that the bathymetry gradient is determinant
to the distribution of wave transformation and wave-induced
long-shore current in this coastal zone. In the areas where the
bathymetry gradients are greater, the break line is closer from
the shoreline, and the radiation stresses and radiation stress
gradients are both greater than else areas associating with the
presence of the relatively greater maximum wave heights,
which result in slightly greater wave-induced long-shore currents, whereas, in the areas where the bathymetry gradients are
smaller, the distribution of the break line, wave heights and
wave-induced long-shore currents are just opposite. On the
side, the wave-induced long-shore current deflects with the
variation of bathymetry gradients.

Paper submitted 02/04/10; revised 04/09/10; accepted 05/05/10. Author for
correspondence: Lei Cui (e-mail: trulysignory@163.com).
*State Key Laboratory of Coastal and Offshore Engineering, Dalian University of Technology, Dalian 116023, P. R. China.

I. INTRODUCTION
As waves travel from deep to shallow water, the combination effect of refraction, diffraction, shoaling and breaking will
take place, and the wave-induced near-shore currents will be
formed and developed when waves break strongly in surf
zones accordingly [20]. The coastal waves and wave-induced
nearshore currents are generally regarded as the most important hydrodynamics for coastal water exchanging, sediment
transport and pollutant diffusion. It is very crucial to understand the distribution of them for coastal engineering and
environment protecting.
Many authors have studied and developed theories for the
wave-induced near-shore currents. Longuet-Higgins and Stewart [19] proposed the theory of wave radiation stresses firstly
and expatiated the generation mechanism for the waveinduced near-shore currents in terms of wave radiation stresses.
Subsequently, some authors [2, 4, 6, 7, 16-18, 21, 27, 32, 33]
studied various aspects of the radiation stresses for linear
water waves and proposed formulas. Much progress on other
influential factors of the wave-induced near-shore currents
like bottom frictional stress, lateral mixing stress, the varying
of mean water level and so on has also been made [11, 12, 22,
23, 29, 31, 34-36]. Based on the foundational research mentioned above, many authors [1, 10, 15, 24, 26, 30, 37] have
made both numerical modeling and experiment research on
the coastal water waves and wave-induced near-shore currents.
Due to the complexity of hydrodynamics in shallow coastal
zones, the farther study is still needed, especially in the representative coastal zones.
The numerical modeling is an effective way to describe the
coastal hydrodynamics and can provide available information
for engineering problems. The distribution of coastal waves
and wave-induced near-shore currents can be numerically
simulated by the parabolic mild slope equation based on the
linear wave theory and near-shore currents mathematical
model, where the radiation stresses exerted on wave-induced
near-shore currents are calculated by the wave amplitude
complex in the parabolic mild slope equation. In this paper,
the random water waves and wave-induced long-shore currents formed by the breaking of obliquely incident random
waves at Leadbetter Beach, Santa Barbara, USA are numeri-
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cally studied based on the mathematical models mentioned
above. The mathematical models are numerically simulated
based on the finite difference method. The numerical results
have also been validated by field data, and the comparisons
between the simulated results and field data show good
agreement. The behaviors of random waves transformation
and distribution of wave-induced long-shore currents at this
coastal zone are also described based on the present numerical
models.

II. MATHEMATICAL MODELS
The present models consist of two computationally distinct
numerical models: wave height transformation model and nearshore current model.
1. Wave Height Transformation Model
As the obliquely incident random waves propagate in
coastal zone, the wave-induced long-shore currents will be
formed by the distortion and breaking of waves. The foundation to simulate the long-shore current is to calculate the wave
transformation firstly. If the reflection and diffraction effects
are ignored when waves propagate forward in the main direction, the parabolic mild slope equation can be effectively applied to simulate coastal water wave transformation. The
present model for random wave height transformation is established based on the parabolic mild slope equation given by
Kirby [14]:
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plane, and the positive direction of x-axis is seaward; i is the
imaginary unit; h is the local water depth; N is the number of
discretizations in frequency; index n is used to represent the
n-th regular wave component; An(x,y) is the slowly varying
wave amplitude complex; ωn is the wave angular frequency; kn
is the local wave number; kn is the representative value of
wave number, where B is the width of the domain; Cn = ωn/kn
is the phase velocity; Cgn = ∂ωn/∂ kn is the group velocity;
En=ρgAn2/2 is the wave energy, where ρ is the water density
and g is the gravity acceleration; Esn is the wave energy where
the wave height is stable after wave breaking and have the
value of En under 0.4 h in this paper [5]; the coefficients a0, a1
and b1 [14] depend on the aperture width chosen to specify the
minimax approximation; D is the non-linear dispersion term
according to the Stokes wave; Db is the energy dissipation term;
K ≈ 0.15 is an experiential coefficient.
The incident random water waves can be discretized as a
series regular wave components by the offshore wave spectrum S(ω), which indicates the distribution of wave energy
over wave frequencies. Based on the offshore wave spectrum,
the incident wave amplitudes are discretized in frequency as:
an = 2S (ω )Δω

(2)
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(4)

where θ is the angle from the principal direction of wave
propagation.
The transformation of each wave height component is determined with the monochromatic mild slope parabolic model.
The statistical characteristics at the grid point are obtained by
assembling the wave components by linear superposition. The
root mean square wave height Hrms is calculated as:
H rms ( x, y ) = 2

N

∑ A ( x, y )

2

n

(5)

n =1

As waves propagate in coastal zone, the wave breaking will
occur and the wave energy will be dissipated. In the wave
height transformation model, it is assumed that waves begin to
break when the simulated wave height H(x,y) is greater than
the wave height Hb at the breaking point. In shallow water, the
breaking wave height Hb can be usually defined as follows [9]:
H b = min(γ h,0.14 L tanh kh)

(6)
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where ϒ is the wave breaker index; L is wave length.
The incident and lateral boundary conditions would be
specified in the present wave height transformation model.
The incident wave amplitude complex for each offshore wave
component is specified as:

⎛ ∂S yx ∂S yy ⎞
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where t is the time; U and V are the depth-integral current
velocity components in x and y directions respectively; η is the
mean elevation of free water surface; Sxx, Sxy, Syx and Syy are the
radiation stress components; τηx and τηy are the shear stress
components of wind to water surface, and both of them are
ignored in the paper; τbx and τby are the bottom shear stress
components; Amx and Amy are the lateral mixing terms in x and
y directions respectively.
The concept of radiation stress was proposed by Longuethiggins and Stewart [19] firstly. The expression deduced from
the parabolic mild slope equation for the radiation stresses
may be written as [33]:

(7)

where (x0, y) is the coordinate of incident boundary; A0n is the
n-th incident wave amplitude; θ0 is the incident angle from the
principal direction of wave propagation; k0n is the n-th wave
number at the incident boundary.
For each wave component, the lateral boundary condition
can be specified as [13]:
∂An
= icr An kn sin θ
∂y

(8)

where cr is the boundary reflection parameter. Since the angle
θ at the lateral boundary is hard to calculate and the calculation of wave amplitude by the parabolic mild slope equation is
carried out along the dominant direction step by step generally,
knsinθ can be estimated by the correlative variables at the previous step as:
cr (kn sin θ )i +1, j −1/ 2 ≈ −
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2. Near-Shore Current Model
The near-shore current model is based on the concept of
radiation stress, which indicates the excess of momentum flux
due to wave propagation. The depth-integrated equations of
motion and water conservation can be described as:
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Eq. (1) is solved by using an algorithm for solving tridiagonal systems, combining with the Crank-Nicolson finite difference scheme.
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where Δy is the spatial space along the y-axis. Based on Eq.
(9), Eq. (8) can be discretized by the finite difference method
as:
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where A* is the conjugate complex of A. The statistical characteristics of radiation stresses in the near-shore current model
are obtained by assembling the radiation stress components
corresponding to each wave component by linear superposition as:
N
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The principle of water bottom shear stress influenced by the
waves and currents is complex. In the present model, a linearized bottom friction model [3, 17] is adopted:
(21)

ρ c f u0V

(22)

where u0 is the amplitude of wave orbital velocity and calculated as u0 = 2πa0/T, in which T is the wave period; a0 =
H/(2sinhkh); cf is the bed shear stress coefficient.
The lateral mixing terms Amx and Amy influence the distribution of near-shore current velocity in surf zone and can be
expressed as:

γ
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Table 1. Field measured and numerical modeling parameters.
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Fig. 1. Near-shore bathymetry at Leadbetter Beach, Santa Barbara,
California, USA [28] (unit/m).
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copies of respective diagrams in the papers [8, 28] on NSTS
experiment, and the one on Feb. 4, 1980 is shown in Fig. 1 as
representative. The field measured and numerical modeling
parameters are shown in Table 1, where h0 is the water depth at
the incident boundary; fp is the frequency at the peak of the
spectrum. The grid distances in x-direction and y-direction are
2 m, which are the same values in both the wave height transformation model and the near-shore current model. The time
step interval is set 0.1 s to satisfy the stability requirement.
The off-shore direction along x coordinate is set positive. The
spectra of wave energy density S(f) for three days are shown in
Fig. 2, where f is the frequency. The number of frequency
components is 30. The comparisons of wave heights and longshore currents velocities between the numerically simulated
and experiment data along cross-section y = 80 m for all cases
are shown in Fig. 3 and Fig. 5 respectively. The computed
wave heights contours based on the random wave transformation model are shown in Fig. 4. The distribution of numerically simulated long-shore currents are shown in Fig. 6.
In the progress of numerical modeling, the numerical results of
wave heights and near-shore currents based on the regular
waves are also accounted for comparing with the present models results. The bed shear stress coefficient cf1 and adjusted
parameter λ1 of the lateral mixing coefficient are used in the
present near-shore current model, while cf2 and λ2 are used in
another model based on the regular wave model. The closed
circles are the measured data in NSTS experiment. The solid
lines are the numerical results based on the present models
(named numerical_1 model in the below figures and paragraphs), while the dashed lines are the numerical results based

where the lateral mixing coefficient μ is specified as [12]:

μ = λ xl gh

(25)

in which xl is the distance from the wave breaking point xb to
the shoreline; λ is an adjusted coefficient. It is assumed a
constant value of μ outside the surf zone, which is equal to the
value of μ at the wave breaking point.
The theoretical formulation of near-shore current model
constitutes an initial and boundary value problem. It is specified U = V = η = 0 at the far offshore boundary, and ∂U/∂n =
V = ∂η/∂n = 0 along the shoreline boundary, where n is the
direction of outer normal. For the open lateral boundary, we
specify ∂U/∂n = ∂V/∂n = ∂η/∂n = 0. At the initial moment, it is
specified as U = V = η = 0.
The ADI method is applied for solving the present nearshore current model with the finite difference scheme.

III. APPLICATION OF THE NUMERICAL
MODELS
Three days field measure data of Near-shore Sediment
Transport Study (NSTS) [8, 28] at Leadbetter Beach, Santa
Barbara, USA are applied for validating the present wave
height transformation model and near-shore current model.
The beach profiles for three days are read off on the enlarged
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Fig. 2. Wave energy density spectra.

Fig. 3. Comparison of observed and computed wave heights.

on regular wave height transformation model and near-shore
current model (named numerical_2 model in the below figures
and paragraphs).
After shoaling, the random waves are refracted, diffracted
and eventually broken on the beach. The wave breaker index
ϒ is determinative to predict the surf zone wave height and
ascertain the mean wave break line. In the present random and
regular wave height transformation models, the calibrated
values of ϒ are found to get the best fit between the predicted
results and measured data. It can be seen in Fig. 3 that the
predicted root mean square wave heights Hrms based on both
models agree reasonably well with the measured wave heights
by using the same value of ϒ for each case, except that the
increasing wave height before the maximum Hrms is overpre-

dicted very little on Fig. 3(c). The wave heights increase monotonically before wave breaking and decrease shoreward following a nonlinear relation. It should be pointed out that
although the numerical results based on both wave transformation models show good modeling effect, the diminishing
wave heights in the surf zone based on the present random
wave model are slightly more coincident with the distribution
tendency of measured data than those based on the regular
wave model.
It can be seen in Fig. 1 that although the water depth gradients in the whole coastal zone are approximately uniform,
the values in some areas are still variational, such as the
coastal area near y = 25 m where the water depth gradients are
greater and the area near y = 90 m where the water depth
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Fig. 4. Computed wave heights contours (The wave breaking line is noted
by the dashed line).
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Fig. 5. Comparison of observed and computed long-shore current velocity.

gradients are less than others area. As is shown in Fig. 4, the
waves break at the positions relatively closer from the shore
line in the former area, and the maximum wave heights are
slightly greater than the values of other area, which is mainly
caused by the relatively fast wave energy convergence corresponding to the greater water depth gradients. On the contrary,
in the latter area the maximum wave heights are slightly less,
and the waves break at the positions relatively far from the
shore line.
The wave-induced long-shore currents are generated since
the incident waves break on the beach. The convergence and
dissipation of wave energy give a gradual change in wave

radiation stress, which results in a smooth long-shore currents
distribution. The comparisons between the numerically simulated and measured data of long-shore currents velocity for
three cases are shown in Fig. 5. To simulate the long-shore
currents, the near-shore current model parameters cf 1, λ1 (used
in numerical_1 model), cf 2 and λ2 (used in numerical_2 model)
are tuned with the experiment data. The bottom friction coefficients cf 1 and cf 2 mainly affect the magnitude of long-shore
currents, while the adjusted parameters λ1 and λ2 determine
the distribution of long-shore currents. The long-shore cur-
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rents profiles corresponding to the best fit with these calibrated parameters are selected as the solution. Although the
values of cf1, λ1, cf2 and λ2 in each case are different between
two models, the discrepancy is very little. It can be seen in Fig.
5 that the maximum mean long-shore currents velocities and
the distribution range increase with the increasing of incident
wave height accordingly. Compared with Case 3, Case 1 and
Case 2 both have the obviously greater mean long-shore currents velocities and distribution range corresponding to the
relatively greater incident wave heights. For Case 1, the maximum mean long-shore current velocity is slightly greater than
the measured value to obtain the optimal modeling effect. It is
also shown in Fig. 5 that the shapes of the measured and numerical computed distribution of the mean long-shore currents
velocities differ with the wave breaking location. They are
located more shoreward than the wave breaking lines. In the
present cases, the maximum mean long-shore currents velocities occur nearly the middle between the shoreline and the
location of the maximum Hrms. The main reason is that the
maximum value of long-shore current is determined by the
wave radiation stress gradient, whereas the maximum value of
wave radiation stress gradient is not superposed or adjacent to
the location of wave breaking generally. Further more, some
researches [25] accounted for this phenomenon with the surface roller influence in the energy balance, in which part of the
organized wave energy is first converted into forward momentum flux to the roller at wave breaking. The long-shore
currents velocities appear to decay from their peak more
slowly in seaward direction than in the shoreward direction.
The main possible reason is that the decay of wave height is
relatively intense in surf zone resulting in the remarkably
gradients of wave radiation stress, and the combined effect of
the lateral mixing and inertial convection also contribute to
this phenomenon. It can be seen in Fig. 5 that the distribution
of long-shore current velocity numerical results based on
random waves in seaward decay more slowly than those based
on regular waves and show better agreement with the field
data, which is especially obvious in Case 2 an Case 3.
The predicted distribution of long-shore currents based on
the numerical_1 model are shown in Fig. 6. As expected, the
relatively strong and well developed wave-induced long-shore
currents in the surf zone are present. The distribution of the
long-shore currents in this whole coastal zone is approximately uniform. The currents velocities are uniform along the
direction parallel to the shore line, whereas it can be seen in
Fig. 6 that in the coastal area near y = 25 m where the water
depth gradients is greater, the maximum long-shore currents
velocities are slightly greater than those in other area. Since in
such area the wave heights and wave heights gradients are
both greater, the wave radiation stresses and wave radiation
stresses gradients are also greater than those in else area correspondingly, which result in the greater long-shore currents
velocities. On the other hand, the long-shore currents are
approximately parallel to the coastal line on the whole, but in
partial areas the current slightly deflects corresponding to the

60
40
0.42 m/s

20

20

40
60
80
x/m
(b) Numerically simulated long-shore currents on Feb. 5
0.5 m/s
100
80
0.19 m/s
y/m

228

60
40
20

0.23 m/s

20

40
60
80
x/m
(c) Numerically simulated long-shore currents on Feb. 6
Fig. 6. Numerically simulated long-shore currents.

asymmetrical water depth gradients, such as the coastal areas
near y = 25 m and y = 90 m.
It should be pointed out incidentally that in the present
numerical modeling validated by the NSTS experiment field
data, although the numerical results based on both models are
in good agreement with the field observations, the numerical_1 model results based on random waves give a slightly
improved fit than the numerical_2 model results based on
regular waves no matter for wave heights prediction or longshore currents prediction, as are shown in Fig. 3 and Fig. 5.
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IV. CONCLUSION
The waves and near-shore currents formed by the breaking
of obliquely incident water waves are most important hydrodynamics in coastal zones. It is very crucial to understand the
distribution of them for coastal problems.
In this paper, the numerical study of random water waves
and wave-induced long-shore currents at Leadbetter Beach,
Santa Barbara, USA are presented based on the parabolic mild
slope equation for the linear wave and near-shore current
mathematical model, where the radiation stresses exerted on
near-shore currents are calculated by the wave parameters in
the parabolic mild slope equation. In the process of numerical
modeling, it is found that the bathymetry gradient is determinant to the distribution of wave transformation and waveinduced long-shore current in this coastal zone. In the areas
where the bathymetry gradients are greater, the break line is
closer to the shoreline, and the radiation stresses and radiation
stress gradients are both greater than else areas associating
with the presence of the relatively greater maximum wave
heights, which result in slightly greater wave-induced longshore currents. On the contrary, in the areas where the
bathymetry gradients are small, the break line is farther from
the shoreline, and the radiation stresses and radiation stress
gradients are both less associating with the presence of the
relatively less maximum wave heights, which result in slightly
less wave-induced long-shore currents. Moreover, the waveinduced long-shore current deflects with the variation of
bathymetry gradients. The numerical results agree well with
the field measurements, and the numerical models based on
the random wave show slightly better modeling effect than
those based on regular wave.
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